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found to be approximately increased by =~ 30%.
Therefore, the factors 1-v¥'/y=0.43 and m3*/m,,
~1,65. The change in 1~y will, of course,
cause a modification in the numerical results for
the calculated absorptivity (Fig. 2, Ref. 1), however,
the change will be small (on the order of 10%) as
the two parts of the second term in (9) have opposite
sign (the part proportional to I' being positive).

As stated above the main consideration in the
present note is to present an alternate and simpler
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approach to the calculation of the far-infrared ab-
sorptivity of a metal in the ASE limit in the fre-
quency range of greatest interest (w~wj,). With
the present approach it may be feasible to consider,
more explicitly, the band structure and phonon
anisotropy of the metal.

The author wishes to thank Professor T. Hol-
stein, for a critical reading of the  manuscript, and
Professor W. Streifer and Dr. G. L. Harpavat for
checking the angular integrations.
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The applicability of the Hellmann-Feynman theorem under periodic boundary conditions is
discussed. The recent result of Wannier, Misner, and Schay on the instability of metals toward
uniform expansion is shown to result not so much from the inapplicability of this theorem as from

the improper evaluation of a sum.

Wannier, Misner, and Schay' (WMS) recently
used the Hellmann-Feynman theorem? (HFT) to
consider the stability of a metal against uniform
expansion. They claimed that their results showed
the inadequacy of recent electronic wave-function
calculations and of the nearly free-electron ap-
proach to such calculations.

Kleinman® (K) criticized their procedure on the basis
that the HFT can be applied only to finite systems,
since uniform expansion would violate the periodic
boundary conditions (PBC) normally employed.

He then argued that in a finite metal the structure
near the surface would be distorted from the purely
periodic arrangement in the interior in such a way
as to provide the necessary confining force.

I believe that Kleinman has pointed out a signifi-
cant inadequacy in WMS’s argument, but that to see
clearly where their error lies, it is more instruc-

tive to use PBC as far as possible.

Let us suppose that we have a Hamiltonian
H(p, 7, R), where p, 7 stand for all the momenta and
coordinates which are treated dynamically (in this
case, those of the electrons: P;, T,;), and R stands
for all other coordinates which enter as parameters
(say the positions R, of the nuclei).

Now let us consider a few independent changes
in the Hamiltonian: (i) Move the nuclei from R
to R/m:

H(p, 7, R)~H(p, 7, R/T) .

As Kleinman says, this cannot be done in PBC.
(ii) Transform the coordinates ¥,/n by a canonical
transformation:

H(p’ 'V, R)—-H(’?P, ’V/Ti, R) .

This also cannot be done in PBC. (iii) Change the
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repeat vectors for the PBC from 'f. to L‘/n. This
means replacing the operator U(T, ) =exp(iL, - P/n),
which commutes with H and leaves all wave func-
tions invariant, with U(L, /n).

For a finite system we can do (i), (ii), or both.
(i) leads to the special case of the HFT for uniform
expansion:

%‘%Eﬁa - (Fy (Einite), ()
where F, = - 0H/3R,. (ii) leads to the virial
theorem for p, 7

(XD ¥+ 207, Fp=0, (2)

where v,=3H/3p,; and ¥,=-3H/a%,. If we do both
(i) and (ii), H becomes

R
H H
o, =t (o, 2, 1)

and

Z;_,;’E“ <8H > (@ v+, t))+2§a C(F . ()
In PBC, we must do (i), (ii), and (iii). Again H
becomes H,, while the action of (ii) and (iii) on U
leaves it unchanged, so that the PBC are undis-
turbed, and Eq. (3) holds in this case also.

For true equilibrium, of couse, all(¥,) and
dE/dn vanish, so that, in particular, for either
finite crystals or PBC,

Q=2R,  (Fy=0, (4a)
g{;—‘ =0 (equilibrium), (4p)

(2(5{‘vi+F4'-F’l)>=0. (4C)

Now let us suppose for a moment that for some
arbitrary set of ﬁu, we have a correct solution of
the electronic problem. Then in the case of a finite
crystal the virial theorem (2) and the HFT (1) hold.
In the PBC problem we have no guarantee that (1)
or (2) hold separately. There are, however, a
number of situations, which I shall call “simple”
for short, where symmetry of one sort or another
guarantees that all (Fa) vanish, provided only that
the electronic wave function satisfied the symmetry
requirements, which is normally a very simple
condition to meet. Under these circumstances, we
have

%:@@,- ¥,+%,)) (“simple” PBC).  (52)

This is the case for the simple metals with bcc,
fcc, and hep structures, as well as the NaCl and
zinc-blende structures, for instance. This expres-
sion does not look quite as simple to evaluate as
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the HFT expression.

In the sense that (5) rather than (1) is the cor-
rect evaluation of 3E/3n for the conditions of WMS,
I agree with K on the inapplicability of the HFT in
PBC. On the other hand, failure of any of the
equations (4) indicates an inadequacy of the wave
function. In particular, a finite value of @ would
be disturbing, especially since all (¥,) vanish by
symmetry as remarked above and by K.

The fact is that WMS use not @ but, without
derivation, the following:

=32 R -RyY) - Faa) (5b)

where (fsa)is the expectation value of the force
exerted on the pth nucleus by all the charge in the
ath unit cell. They have specialized to the case
of one atom per unit cell and implicitly assume
PBC by supposing that the sum over a can be re-
placed by multiplication by the number of atoms
in the crystal. In the same notation

Q=2R, Fop . (5¢)

One may be inclined to argue that <'FD,B) =- (Faa),
and thus @ = Q', but it is not so simple.

In general, (F,g# - (Fa,). Since the first index
refers to a nucleus and the second to a complete
unit cell, Newton’s third law does not apply and
only a symmetry could force the equality. Such
symmetry holds in PBC if each nucleus is at a
center of inversion, but not for finite crystals,
particularly if o or B8 is near the surface. Thus
for a finite crystal, we find

’

Q- Q' =4, +By) - (Fo+ (Fpo)) (finite) . (62)

This comes almost entirely from the region near
the surface, but the factor of (R, +R;) suffices to
make it proportional to the volume.

Now let us suppose instead that we use PBC—to
be concrete, suppose that the supercell for the
PBC, @, has dimensions LXLXL. We concede
that (F,z) = - (Fs,). Now in the case of @, we are
summing a over all nuclei in the supercell £, but
to find (¥,) we must sum B over all space, both
inside and outside 2. There is no convergence
difficulty in the sum because (¥, falls off like
IR, - Ry, at least and like IR, - R4l for a cubic
crystal. We have written (5b) so that the same
conventions apply. Thus in this case

z oz

ain®

Q- —;- 2 (Ro+Ry) - (Foe) (PBC). (6b)
outside

Here again the rapid falloff of (Fas) means that only
if @ and B are near the boundary of £ do they con-
tribute significantly, but the value of (@ ~ @")/L?®
approaches a finite limit as L becomes large.

This limit can be visualized by considering a unit
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area of a boundary plane and each line /,; passing
from nucleus a on, say, the left-hand side of the
boundary to g on the right-hand side through that
area. The sum of the forces (F,z), one for each
line o4 gives the value (@ - @")/L®. The value
WMS find for @'/L, viz., 0.03¢%/a%, is quite rea-
sonable for this quantity.

In a paper published after the submission of
these comments, Wannier and Meissner* have
argued that the surface contribution for a finite
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crystal is unlikely to be important. In fact, of
course, provided the crystal is large enough so
that its density is no longer size dependent,

(@ - @")/L® must be the same for the finite crystal
and for PBC.

In conclusion, we find that the result of WMS is
invalid because they used the sum Q' instead of Q.
I have benefited from discussions with C. M.
Varma and C. Herring’s criticism of the manu-

script.
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Recent numerical computations of the phonon spectrum of quantum crystals have demon-
strated the existence of an anomalous extra phonon branch which lies above the usual acoustic

modes.

The purpose of the present note is to explain the physical origin of the anomalous

branch in terms of two-phonon resonances, and to discuss briefly the possibility of observing
these resonances in quantum crystals by neutron-scattering and Raman-scattering experi-

ments.

It has recently been proposed that the anharmonic
interactions between phonons in crystals can give
rise to a two-phonon bound state whose energy lies
above the two-phonon continuum. Bound phonon
pairs exhibit sharp structure in the second-order
phonon spectrum as observed in the Raman data on
diamond, ™2 and, in addition, may substantially mod-~
ify the single-phonon spectrum as observed in the
first-order Raman scattering from quartz*

Bound states of two phonons are split off above
the two-phonon continuum by the repulsive fourth-
order anharmonic term in the phonon Hamiltonian
providing that the anharmonicity is larger than a
critical strength.»® The critical value of the anhar-
monic strength is related to the nature of the single-
phonon dispersion and involves parameters such
as the curvature of the phonon spectrum near the
top of the single-phonon continuum, and the “band-
width” of the phonon branch.® ¢ If the anharmonic
coupling is weaker than the critical strength, it is
still possible to create two-phonon resonances®
which give rise to considerable modifications in
the spectrum within the two-phonon continuum.

The above considerations suggest that the highly
anharmonic quantum crystals provide ideal sys-
tems for the formation of bound phonon pairs.

How -

ever, another consequence of large anharmonicity
is substantial broadening of the phonon modes which
would, in general, obscure the bound-state struc-
ture. Nevertheless, if the energy widths of the
two-~phonon resonances are comparable to the sin-
gle-phonon widths, it may be possible to observe
these resonances experimentally.

Numerical calculations™® of the phonon spectrum
of some quantum crystals using the self-consistent
harmonic approximation® have recently been pub-
lished. In particular, the calculations for solid
neon” and solid *He in the bee phase® find a peculiar
extra branch in the phonon spectrum which lies
above the usual acoustic-phonon modes. Since these
crystals are Bravais, the extra branch cannot be
attributed to an optical phonon. In the case of °He,
as shown in Fig. 1 of Ref. 8, the extra branch is
situated at roughly twice the maximal single-acous-
tic-phonon energies. Furthermore, the anomalous
peak has a width comparable to the single-phonon
widths, and displays a peculiar momentum depen-
dence.

Leath and Watson'® have suggested that the anom-
alous peak may be due to the mixing of one- and
two-phonon states via the third-order anharmonic
coupling. Using a one-dimensional linear chain



